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By solving Maxwell’s equations with the perfect-metal boundary conditions in the TM case, we have fully
described the transmission and diffraction properties of a single slit regardless of its width. Efficiencies of the
main transformation processes—transmission, diffraction, and reflection—are analyzed in the sub-to-few-
wavelength range showing a number of sharp fundamental features. These features are linked to the near-field
behavior of the light fields. The transformation efficiencies are then employed to describe the Fabry-Perot
resonances of perforated metal films. Close links with the case of real metals are also considered.

DOI: 10.1103/PhysRevB.82.115419 PACS number�s�: 42.25.Bs, 42.25.Fx, 42.70.Qs, 73.20.Mf

I. INTRODUCTION

Solutions to electromagnetic diffraction problems based
on the perfect-metal boundary conditions date back to the
works of Rayleigh, Sommerfeld, and Bethe,1–3 see also Refs.
4 and 5. Such solutions are few in number, complicated, but
indispensable in the subwavelength/nano-optics where the
usual Huygens-principle-based theory and intuitive ap-
proaches fail. Importantly, they link together the far- and
near-field properties of the electromagnetic field including
the corner singularities.6

The general upsurge of interest in nano-optics gave rise to
many research areas involving nanostructured metals, such
as near-field microscopy,7 metal-clad cavities,8 biosensing,9

and extraordinary light transmission �ELT� through
nanoholes.10,11 Already the formulation of the corresponding
problems strongly differs from that typical of classical op-
tics. Instead of diffraction from plain obstacles,4 one deals
with funneling of light into �out of� apertures, with coupling
of the opposite metal interfaces, with a local enhancement of
the electromagnetic fields. Involvement of the surface plas-
mons in real metals further enriches the physics.12

Theoretical basis of subwavelength optics of metals is a
big issue. On the one hand, direct numerical methods typi-
cally map a tiny part of the actual space of variable param-
eters of the system with no real insight into the physics of
multiscale phenomena. On the other hand, they are capable
of a dramatic enhancement of the analytical tools providing
virtually exact solutions to key physical problems. Reducing
complex problems to the basic elementary ones is a strong
line of the studies, as it is known, e.g., for the ELT case.13–15

The transmittance of a perforated opaque metal film can usu-
ally be accurately expressed by the efficiencies of the el-
ementary single-interface transformation processes while the
film thickness affects merely the positions of the Fabry-Perot
�FP� resonances.

Here, we present a full-scale solution to the single-slit
problem within the paradigm of perfect metal. This problem
is among the most basic ones in nano-optics of metals. Our
solution reveals a wealth of subwavelength and near-
subwavelength features which have never been known.
While our “perfect” problem is easier than that for real met-
als �owing, e.g., to the absence of the surface plasmons�, it is

more complicated than the Sommerfeld problem of diffrac-
tion from a single-metal wedge.2 Furthermore, it is appli-
cable to almost-perfect metals.

An important property of the slit geometry is the survival
of a single fundamental propagating mode in the subwave-
length case both for perfect and real metals. This property is
inherent in any multiply connected aperture cross section,5,16

such as, e.g., a circular slit. Our results on the single-slit
transmission/diffraction properties are thus generic for a
wide class of experimental geometries. Transmission and dif-
fraction properties of single-connected apertures, such as,
e.g., circular holes,17,18 are essentially different.

A number of the previous single-slit related studies must
be mentioned. Mathematical approaches to the perfect-metal
single-slit case were considered early.19 Transmission Fabry-
Perot resonances for a narrow single slit in a thick perfect-
metal screen have been demonstrated in connection with the
ELT problem.20,21 Phase singularities of the radiation pattern
when changing the slit width were reported.22,23 Crossover
between the subwavelength regime and the geometrical-
optics limit have been considered.24 Generation of surface
plasmons at a single-slit aperture have been modeled.25,26

Transmission resonances for finite arrays of slits were
analyzed.27–29 Most of the theoretical studies employ the
eigenmode-expansion method, which is adequate for the
case.

Despite a big number of publications on the single-slit
properties, efficiencies of the elementary processes—
transmission, diffraction, and reflection—remain greatly un-
explored in the sub-to-few-wavelength range for both perfect
and real metals. These characteristics, which are relevant to
many problems of subwavelength optics of metals, are our
main concern.

II. GENERAL RELATIONS

Generally, it is necessary to consider not a single problem
but two mutually related single-slit problems, “Out” and
“In.” They are depicted in Figs. 1�a� and 1�b�. In the case
Out, a plane wave of a unit amplitude and the wavelength �
is incident at the angle �0 from outside onto the interface z
=0. It excites propagating modes in the slit, diffracted waves
in air, and a reflected wave. In the case In, a unit-amplitude
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propagating mode traveling from inside to the interface z
=0 reflects back and excites diffracted waves in air.

In the TM case in question, the magnetic field amplitude
has only a y component H=H�x ,z�, and the nonzero compo-
nents of the electric field are Ex= �−i /k0��H /�z and Ez
= �i /k0��H /�x, where k0=2� /� is the vacuum wavevector.
At the air-metal boundaries, the tangential component of E�

and the normal component of H� turn to zero.
As a full set of even and odd eigenfunctions for z�0, we

choose5

h��x� = �cos���x/2l� , �� = 0,2, . . .�
sin���x/2l� , �� = 1,3, . . .� ,

�
where l is the slit half width. The corresponding eigenvalues
�propagating constants� are ��=�k0

2− ��� /2l�2. The real and
imaginary �� refer to the propagating and evanescent modes,
respectively. For the fundamental propagating mode, �=0,
we have �0=k0 and h0�x�=1. For l�� /4, all other eigen-
modes are evanescent.

For the case Out and z�0, the field H�x ,z� can be repre-
sented by the general modal expansions, similar to that used
successfully in the area,19,20,24–26,29

H� = �
�

c�b�h��x�ei��z,

H� = 2eik0xx cos�k0zz� + �
−	

	

ake
ikx−i
kzdk , �1�

where k0x=k0 sin �0, k0z=k0 cos �0, 
k= �k0
2−k2�1/2, c0=1,

and c�=2 for ��0. For z�0 and �x�� l, we have satisfied
Maxwell’s equations and the boundary conditions at �x�= l.
Furthermore, we have b�= 	H��x ,0�h�
, where 	¯ 
 indi-
cates averaging over the slit. In the air region, z�0, we have
satisfied so far only Maxwell’s equations. Here the waves
with k�k0 are propagating while for k�k0 they are evanes-
cent.

The amplitudes b� and ak can be found if we satisfy the
remaining boundary conditions: Ex

��x ,0�=Ex
��x ,0���l− �x��,

where ��x� is the Heaviside step function, and H��x ,0�
=H��x ,0� for �x�� l. These conditions are equivalent to the
relations

ak = −
l

2�
k
�

�

c���b�f�,k,

b� = f�,−k0x
+

1

2
�

−	

	

akf�,−kdk , �2�

where f�,k=sinc�kl+�� /2�+sinc�kl−�� /2� for �=0,2 , . . .,
f�,k= i sinc�kl+�� /2�− i sinc�kl−�� /2� for �=1,3 , . . ., and
sinc�¯ ��sin�¯ � / �¯ �. For even/odd �, the function f�,k is
real/imaginary and even/odd in k. Combining Eq. �2�, we
come to the set of coupled-mode equations

b� + �
��

T���b�� = f�,−k0x
�3�

with the coupling coefficients

T��� =
l

4�
���c���

−	

	 f�,−kf��,k


k
dk . �4�

Obviously, T���=0 for the modes of different parity, i.e., the
set �3� splits into two sets—for the even and odd modes.
Calculating b� from Eq. �3� and using Eq. �2� for ak, we
solve completely the problem Out. In the case of normal
incidence, �0=0, the amplitudes b� are nonzero only for the
even modes and the driving force in the right-hand side of
Eq. �3� is f�,0=2�0.

Using Eqs. �1� and �2� and the integral representations30

for the Hankel function H0
�1�, one can prove lastly an impor-

tant integral relation for the diffracted component of H�,

Hd
� = −

k0

2
�

−l

l

Ex
��x�,0�H0

�1��k0
��x − x��2 + z2�dx�. �5�

It generalizes the Huygens principle. The H0
�1� function de-

scribes a point irradiation source placed at z�=0 while the
field Ex

��x� ,0�, which is nonzero only for �x��� l, serves as
an effective density of the oscillating magnetic moment. The
effective distributed irradiation source replaces indeed the
real source—the surface currents at the air-metal boundaries.

The problem In can be treated similarly. In the subwave-
length case, which is of our prime interest, the propagating
mode incident from the inside is fundamental. Repeating the
calculations, we come to the following simple symmetry re-
lations for the amplitudes of the excited waves/modes:

ak
in = − ak, b0

in = 1 − b0, b�
in = − b� �� � 0� , �6�

where the amplitudes ak and b�, corresponding to the case
Out, are taken for the normal incidence, �0=0. Thus, the
description of the problem In is reduced to that of the prob-
lem Out.

III. MODE AMPLITUDES

Computation of the coupling coefficients T��� and deter-
mination of the amplitudes b� via truncation of Eq. �3�
present no special problems, see also below. At the same
time, the fundamental limit l→0 can be treated analytically.
We have here T00→0, f�,−k0x

→2�0, and, correspondingly,
b0�	H��x ,0�
→2 for any �0. Furthermore, we have b�

→0 for ��0. Similar observations are known in the
literature.19,25

The dependence of the amplitudes b� on the angle of in-

a) b)Out In

z
y x

�0

-l l

z
y x

�

-l l

FIG. 1. �Color online� Two basic interface problems, Out and In,
corresponding to the incidence from outside �a� and inside �b�.
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cidence �0 and on the characteristic ratio r=4l /� exhibits
clearly pronounced peculiarities. The cases of small and
large angle of incidence are essentially different, see Fig. 2.
For �0�10°, the situation is close to that for �0=0. The
fundamental zero mode dominates everywhere, the function
�b0��r� drops first from 2 to �1 and remains then almost
constant while �b1,2,. . .��r��1.

For �0�30°, the zero mode dominates only for r�0.5.
Otherwise, there is a strong mode competition. The opening
of new propagating modes at r�4l /�=1,2 , . . . is linked to
sharp peaks of �b1,2,. . .��r�. The odd and even peaks are com-
parable with each other tending to 1 for �0→90°. Mutual
influence only of the eigenmodes of the same parity is also
evident. Furthermore, only a few nearest modes dominate for
each particular value of r, i.e., a selective mode excitation
takes place.

IV. INTERFACE CHARACTERISTICS

Consider now the interface characteristics. For the prob-
lem Out, the transmission properties can be described by the
efficiency

�t�r,�0� = �
�

c��b��2 Re ��/k0 cos �0, �7�

which is the ratio of the energy flux through the slit to the
flux incident onto the slit. Obviously, the transmission effi-
ciency is the sum of the partial contributions from all present
propagating modes. For r�4l /��1 we have �t�r ,�0�
= �b0�2 /cos �0; this gives �t�0,�0�=4 /cos �0 for r→0.

Similarly, we introduce the differential diffraction effi-
ciency for the problem Out,

�d�r,�,�0� = �k0 cos2 ��ak�2/l cos �0, �8�

where �=arcsin�k /k0� is the diffraction angle, see also Fig.
1�a�. Owing to the symmetry relations �6�, we obtain imme-
diately for the problem In,

�d
in�r,�� = �d�r,�,0� . �9�

Integrating �d�r ,� ,�0� over �, we obtain the total diffraction
efficiency for the problem Out, �d

��r ,�0�. Similarly, one can
calculate the total diffraction efficiency for the problem In.
The products 2l cos �0�t,d give the cross sections of the cor-
responding elementary transformation processes. Lastly, the
difference

Rin�r� = 1 − �d
��r,0� �10�

gives the internal-reflection coefficient for the problem In,
see also Fig. 1�b�. In the limit r→0, we have �d

��0,�0�=0
and Rin�0�=1.

Owing to the nondissipative character of the transforma-
tion processes in the perfect metal, the amplitudes b� obey
the energy conservation law, which is similar to the “optical
theorem” of the scattering theory.16 It looks especially simple
and useful for the normal incidence: �t+�d

�=2 Re b0. In par-
ticular, this relation enables one to express the argument
�phase� of b0 by �t and �d

� for r�2.
Concerning the truncation procedure, it is sufficient to

take into account 1–3 evanescent modes in addition to the
propagation modes in order to achieve a subpercent accuracy
for �t,d and to fulfill nicely the energy conservation law. This
means that �max�4l /��+3. Since increasing �max presents
no numerical problems, we use �max=20 in this section. The
numerical error is within the line thickness in the whole
range of r in this case.

Figure 3 shows the behavior of �t and �d
� when changing

r=4l /� and �0. It should be considered in cojunction with
Fig. 2. With �t�0�=4 /cos �0, the function �t�r� is decreasing
up to r=1. Further increase in r results in bursts at the open-
ings of new propagating modes. For �0=0, small bursts oc-
cur only at r�2,4 , . . . With increasing �0, they appear also at
r�1,3 , . . . and become all highly pronounced and asymmet-
ric. The asymmetry is due to a sharp square-root-law growth
of the propagating constants ���r� for r��. The function
�d

��r� grows initially with a �0-dependent slope. The further
scenario depends on the angle of incidence �0. For �0�1,
one sees only small bursts. Correspondingly, the reflection
coefficient Rin decreases from 1 to almost 0 with increasing
r. For large �0, the first maximum of �d

��r ,�0�, situated
deeply in the subwavelength range, considerably exceeds 1,
and the subsequent oscillations are highly pronounced and
almost symmetric. Sharp minima of �d

��r� occur at zeros of
���r�, i.e., at the sharp maxima of �b���r� in Fig. 2�b�.

Figure 4 shows what happens to �d��� when increasing r
and �0. For �0=0, the quasi-isotropic distribution �d���
�const, which occurs for r�1, transforms gradually into a
central peak growing and narrowing for r�1. After the
opening of the second even propagating mode �r�2� this
peak acquires oscillating tails. For sufficiently large positive
values of �0, the main difference in the behavior is in a
progressive shift of the peak to the right with increasing r.

FIG. 2. �Color online� The amplitudes �b0,1,2,3� versus 4l /� for
�0=10° �a� and 60° �b�. For the chosen truncation number, �max

=20, the numerical error is within the line thickness.

FIG. 3. �Color online� �a� The transmission efficiency and �b�
the total diffraction efficiency versus r=4l /� for �0=0, 60°, and
80°.
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For r�1, the value of �peak approaches �0 and the diffracted
waves concentrate around the reflected one.

As seen from Fig. 4, the differential diffraction efficiency
�d�r ,� ,�0� remains nonzero for �→ �90°, i.e., for ulti-
mately large diffraction angles. This “grazing diffraction”
grows remarkably and becomes strongly asymmetric with
increasing �0: �d�90°���d�−90°�. As a function of r,
�d��90°� experiences oscillations which correlate to those
of �d

��r�. Importantly, the “grazing” diffraction is closely re-
lated to the excitation of the surface plasmons in real metals,
see also below.

V. FABRY-PEROT RESONANCES

The interface characteristics considered are sufficient to
describe the transmission and diffraction properties of a sub-
wavelength slit in a metal film of a thickness d.13,15 To illus-
trate it, we consider the case of normal incidence, �0=0.
Internal reflections of the fundamental propagating mode
from the opposite interfaces lead to a sequence of the FP
resonances. The in-slit intensity of the propagating mode is
trivially given by

�b0�d��2 =
�t

�1 − Rin exp�2i��0d + �in���2
, �11�

where �0=k0 and the phase �in=arg�b0
in� is expressible by

�t�r� and �d
��r ,0� according to the formulas of Sec. IV.

The positions of the transmission resonances are given by
k0d+�in=� ,2� , . . .. Figure 5�a� shows the corresponding
resonant values of d /� as functions of r�4l /�. Adjustment
to the FP resonance presents no special problems. The mini-
mum resonant thickness, �d /��min�0.2, can be realized at
r1.44.

Two quantities are of particular interest. First, it is the
resonant intensity enhancement factor �in= �b0

+�d��max
2 , which

is the maximum �in d /�� ratio of the in-slit intensity to the
intensity of the incident wave. Second, it is the resonant
total-transmission efficiency through the film �t

�, which is
the maximum ratio of the outgoing energy flux to the flux
incident onto the slit. These resonant quantities are given by

�in =
�t

�1 − Rin�2 , �t
� =

�t

�1 − Rin�
. �12�

The factor 1−Rin, entering Eq. �12�, represents the reflection
losses at each interface; it can be calculated using Eq. �10�.
Both �in and �t

� grow rapidly with decreasing r, as shown in
Fig. 5�b�. The angular distribution of light behind the film is
given by �d�r ,� ,0�, see Fig. 4�a�.

It is worthy of mentioning that the resonant transmission
cross section 2l�t / �1−Rin� tends to � /2 for r→0. This
asymptotic behavior follows from the single-mode model
where �t�4 and �d

��1−Rin�4r for �0=0 and r�1. This
behavior is also supported by our numerical calculations.
Last, it is in agreement with dimensional considerations: The
only nonzero length parameter in our disposal is �.

VI. NEAR-FIELD PROPERTIES

In addition to the above transformation efficiencies, the
spatial profiles H��x ,0� and Ex,z

� �x ,0� show intimate features
of the subwavelength behavior. Figure 6 shows these profiles
for the normal incidence, a few representative values of the
product k0l, and �max=200. So high value of the truncation
number is needed solely to resolve the corner singularities at
�x�= l; it is excessive for the transformation efficiencies. This
means that the modal expansions for H��x ,0� and Ex,z

� �x ,0�
converge slowly at x� � l while the first averages
	H��x ,0�h0,1,2�x�
 converge quickly with increasing �max.

The profile H��x ,0�, see Figs. 6�a� and 6�b�, consists of
two distinct sections �inside and outside the slit� separated by
the inflection points at �x�= l. In the subwavelength range, the
function H��x ,0� is structureless inside the slit and tending
to the limiting value H�	 ,0�=2 for k0l→0, which corre-

FIG. 4. �Color online� The differential diffraction efficiency for
�a� �0=0 and �b� 45°. The curves refer to r=0.1, 0.5, 1.5, and 3.

FIG. 5. �Color online� �a� A few lowest FP transmission reso-
nances. �b� The resonant in-cavity enhancement factor �in �curve 1�
and the total-transmission efficiency �t

� �curve 2� versus r�4l /�.

FIG. 6. �Color online� Dependences H��x ,0� and Ex,z
� �x ,0� in

the near and far fields. Curves 1, 2, and 3 in the cases �a� and �b� are
plotted for k0l=0.1, 1, and 5. Curves 1 and 2 in �c� correspond to
k0l=0.5. The far-field profiles 1 and 2 in �d� correspond to k0l
=0.5 and 5.
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sponds to the slitless case. The same limiting value takes
place for �0�0. This is why we have b0= 	H��x ,0�
→2 and
�t→4 /cos �0 for k0l→0. For k0l�1, we have already
H��x ,0��1, which corresponds to a weakly perturbed en-
tering into the slit and to �t1, see Fig. 3�a�. For k0l=5, the
corner value H��l ,0� is close to 4/3, which corresponds to
the Sommerfeld solution for a single-metal wedge.2 Larger
values of H��l ,0� for k0l�1 are due to the mutual influence
of the wedges.

Figure 6�c� shows the near-field behavior of Ex
��x ,0� and

Ez
��x ,0�. The first function, serving as an effective distrib-

uted radiation source in Eq. �5�, is even in x and zero valued
for �x�� l. For l��, i.e., after opening of the second propa-
gation mode, it acquires an internal substructure. The second
function, which is odd in x, is not restricted to the slit area
�x�� l. At the inflection points, both functions tend to infinity
approximately as �x− l�−1/3, which corresponds to the 90° cor-
ner singularities of the perfect metal.5,6 The larger �max, the
better is resolved the singular behavior.

Figure 6�d� illustrates the far-field behavior which corre-
sponds to formation of the grazing diffracted waves. Far
from the slit, where the characteristic spatial scale is �, we
see a quickly establishing radiation pattern superimposed on
the background value H��	 ,0�=2. The “grazing-wave inten-
sity” �H��x ,0�−2�2 decreases as 1 / �x� without oscillations
for x− l��, as expected for the two-dimensional case. As a
function of k0l, it grows and then oscillates. A similar feature
of �d��90°� has been mentioned in Sec. IV. The grazing-
intensity oscillations, which occur for l��, are of the inter-
ference origin. In accordance with Eq. �5�, they are con-
trolled by the structure of the distributed effective radiation
source Ex

��x ,0�. In particular, the grazing-wave intensities
are not much different for k0l=0.5 and 5.

VII. DISCUSSION

Our results show that the growth of the transmission effi-
ciency �t�r ,�0� for r�4l /�→0 and �0→� /2 is directly
linked with the general feature of the near-field behavior:
The average over the slit 	H�x ,0�
 tends to 2 �the slitless
limit� for r→0 leading to the amplitude of the propagating
mode b0=2 for any �0.

The presence of noticeable grazing diffraction, see Figs. 4
and 6�d�, elucidates the mechanism of surface-plasmon gen-
eration in real metals. The radiation mechanism, pertaining
near the slit, is almost the same for the perfect metal and for
real metals with large negative values of the optical permit-
tivity �m. The presence of the localized surface mode in the
latter allows to catch the waves diffracted at large angles.
The surface-plasmon excitation efficiency can be evaluated
as �sp�N�d�� /2�, where N=2 /���m� is the numerical aper-
ture. This simple estimate is in good agreement with the
calculations of Refs. 25 and 26.

The predicted strong resonant enhancement of the in-slit
intensity in the subwavelength range, see Fig. 5�b�, can be of
practical interest. First, it can be useful for implementation of
nonlinear-optical effects when filing the slit with a transpar-

ent nonlinear material. Second, it can be interesting for real-
izing sensitive nanosensors of single molecules, including
biosensors.

Under certain restrictions, the perfect-metal model can be
applicable to real metals. The efficiencies �t and �d

� and the
reflection coefficient Rin should not experience strong
changes for k0l� ��m�−1/2, when the slit width exceeds the
skin depth and �0�k0.31,32 In many cases ��m��102,33 and
the above restriction on k0l is rather soft. For l /�→0, the
single-interface characteristics, especially �t, can experience
substantial changes. The main impact of the metal imperfec-
tion on the FP resonances comes from the inequality �0
�k0, see Eq. �11�, i.e., from competition between the bulk
and interface losses and displacement of the resonant values
of d /�.

The single-slit near- and far-field properties, see Fig. 6,
elucidate the mechanism of coupling of neighboring slits in
multislit systems.14,27–29 This coupling occurs indeed via the
secondary scattering of the grazing waves and must be
strongly dependent on the slit width and the slit separation.
In real metals, it should compete with the surface-plasmon
coupling mechanism possessing essentially different charac-
teristics.

The corner singularities are clearly seen in the near field
for �max�102. However, they are uncoupled from the
diffraction/transmission properties. The latter are linked to
several lowest modes, i.e., to rough features of the near-field
behavior. A small-radius edge rounding is thus not expected
to produce a strong effect on �t,d.

Being relatively simple and compact, our perfect-metal
related results can be considered as a reference point in sub-
wavelength optics of real metals where the wealth of possi-
bilities creates serious computational and perceptual prob-
lems.

VIII. CONCLUSIONS

In conclusion, a full-scale physical picture of the trans-
mission, diffraction, and near-field properties of a single slit
in the perfect metal is presented. In the sub-to-near-
subwavelength range, the transformation efficiencies show
sharp dependences on l /� and �0 which are closely linked to
the near-field behavior. For skin-thick films, the sharp sub-
wavelength behavior leads to a strong Fabry-Perot enhance-
ment of the total transmittance, and of light inside the slit.
Oblique incidence strongly facilitates the excitation of the
nonzero eigenmodes leading to mode competition. Only few
selectively excited modes are strongly involved in the near-
subwavelength transmission/diffraction phenomena. The re-
sults obtained can serve as a reference point in subwave-
length optics of real metals.
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